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Rapid calculation of the ion energy distribution on a plasma electrode
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A model was developed to rapidly calculate the ion energy distribution (IED) on an electrode
immersed in plasma, for a given voltage waveform applied to the electrode through a blocking
capacitor. The model combined an equivalent circuit representation of the system, with an equation
for a damped potential to which ions respond, during their transit through the sheath. Predicted
IEDs on both conducting and insulating surfaces for a variety of applied voltage waveforms (spike,
staircase, square wave, etc.) agreed with published experimental data. For these comparisons with
experiments, peak broadening due to the resolution of the ion energy analyzer was also taken into
account. Using “tailored” waveforms of the applied voltage, desired IEDs may be obtained in
C 2012 American Institute of Physics.
terms of peak energies and fraction of ions under each peak. V
[http://dx.doi.org/10.1063/1.4728997]

I. INTRODUCTION

The energy of ions bombarding the substrate during
plasma etching is important to both etching rate and selectivity. Selectivity of etching the substrate vs. the underlying
layer (or the photoresist mask) may be achieved if the ion
energy is set between the threshold energies for etching these
materials. The ion energy must be high enough to promote
ion-assisted chemistry on the substrate, but not excessively
high to compromise selectivity or induce substrate damage.
The ion energy distribution (IED) depends, among other
variables, on the sheath voltage and the applied frequency.
For a sinusoidal voltage and a collisionless sheath, the releM 1=2
the ratio of the ion transit
vant parameter is ssrfi ¼ 3sx
2p ð 2eVs Þ
time through the sheath, si, to the period of the applied rf,
srf.1–3 Here, s, x, M, and Vs are time-average sheath thickness, applied voltage angular frequency, ion mass, and timeaverage sheath voltage, respectively. When si/srf  1, ions
respond to the instantaneous sheath voltage, and the IED has
a large energy spread. When si/srf  1, ions respond to an
average (damped) sheath voltage, and the IED becomes
narrow. A nearly monoenergetic IED is often required for
high selectivity because the threshold ion energies for etching a variety of materials are not very different from one
another. In the case of sinusoidal applied voltage, the width
of the distribution may be decreased by increasing the
frequency, x.
Nearly monoenergetic IEDs (with narrow full width at
half maximum, FWHM), were reported by Xu et al.4 and
Shin et al.5 They applied a dc bias voltage on a “boundary
electrode” during part of the afterglow of a pulsed plasma.
The electron temperature Te drops precipitously in the afterglow and, since the width of the IED scales with Te,6 the
FWHM can be minimized, especially in the late afterglow.
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Simulation predictions7 were in good quantitative agreement
with measurements.4
The IED may also be controlled by applying a judicious
voltage waveform (not necessarily sinusoidal) on the substrate electrode. Earlier studies used asymmetric rectangular
voltage pulses, whereby charging of dielectric substrates was
minimized by shortening the pulse duration.8–10 Wendt and
co-workers11–14 applied a low frequency impulse waveform
or a square waveform on a substrate immersed in a continuous wave plasma to obtain a peaked IED. The waveform had
to be given the right slope to account for charging of nonconductive substrates, and still yield a nearly constant sheath
potential, and thus a nearly monoenergetic IED, in the limit
si/srf  1. A similar approach was used by Kudlacek et al.15
who also studied the influence of substrate charging on the
required voltage waveform,16,17 so that monoenergetic IEDs
are obtained. Agarwal and Kushner18 and Rauf19 conducted
computational investigations of the effect of non-sinusoidal
bias voltage waveforms on the IED, etching rate and selectivity. Moreover, the application of tailored rf voltage waveforms was shown to generate a controlled electrical
asymmetry in a capacitively coupled PECVD system.20 A
shift in the dc bias voltage (indicating asymmetric distribution of the sheath voltages) was observed when inverting the
voltage waveform shape from “peaks” to “troughs.” It was
found that by increasing or decreasing the ion bombardment
energy, the film growth switched between amorphous silicon
and nanocrystalline silicon.
Diomede et al. conducted a particle-in-cell simulation
with Monte Carlo Collisions (PIC-MCC) of the application
of tailored dc voltage steps on an electrode, during the afterglow of a capacitively coupled pulsed-plasma, to control the
energy of ions incident on the counter-electrode.21 Staircase
voltage waveforms with selected amplitudes and durations
resulted in IEDs with distinct narrow peaks, each with controlled energy. Although PIC-MCC is ideal for obtaining the
IEDs, it requires long computational time (e.g., hours or
even days). In the present work, a model is presented to
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rapidly (e.g., seconds) compute the IED on a substrate in
contact with plasma, under the influence of an applied voltage waveform.
II. MODEL DEVELOPMENT

The system under study is shown in Fig. 1. An electrode
(target) is in contact with a plasma with given electron temperature (Te) and electron density (n0) in the bulk (away
from the electrode surface). A RF bias of the desired waveform (Vrf) is applied to the target electrode through a blocking capacitor (Cb). It was assumed that the applied bias is
small enough not to perturb the given bulk electron density
and temperature. It was further assumed that the plasma is
electropositive with one kind of positive ion, suffering no
collisions in the sheath. In addition to the target electrode
(area AT), the plasma reactor system also includes a
“counter-electrode” (area AG), which is often grounded.
Although the target bias voltage was assumed small enough
not to alter the bulk electron density or electron temperature,
the plasma potential may be affected, depending on the area
ratio, AG/AT. For large values of this ratio, the plasma potential will be near ground. In general, floating surfaces may
also be in contact with the plasma. Thus, the ratio AG/AT
may have to be regarded as an “effective” area ratio, so that
the electrical characteristics of the actual system are reproduced by the model. The goal is to determine the ion energy
distribution on the target electrode given n0, Te, Vrf, Cb, and
the electrode area ratio AT/AG. This is accomplished by following four steps: (a) an equivalent circuit model is used to
calculate the sheath potential over the target electrode; (b)
the latter is used in an equation for the “damped” sheath
potential to which ions respond; (c) knowing the damped
sheath potential, the IED is calculated; and (d) instrumental
broadening is applied to arrive at the IED on the target electrode. Each of these steps is described below. It should be
noted that, in the case of dc coupling of the voltage source to
the electrode (no blocking capacitor), the area ratio has no
influence on the results. It is also noted that the problem
described above is the “forward” problem of finding the
IED. The “inverse” problem, i.e., that of finding the voltage
waveform that must be applied to achieve a desired (preselected) IED on the target electrode is discussed in Ref. 22.
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capacitor in parallel with a current source and a diode. The
current source represents the ion current and the diode represents the electron current. Subscripts T and G denote the target electrode and the grounded electrode, respectively. Vp is
the plasma potential. The sheath capacitance was described
as a non-linear function of the sheath potential (Eq. (4)
below).
Applying Kirchhoff’s law to this circuit yields
d
d
ðVrf  VT Þ þ CT ðVp  VT Þ þ IT ¼ 0;
dt
dt
d
d
CT ðVp  VT Þ þ CG Vp þ IT þ IG ¼ 0;
dt
dt

Cb

(1)

where V, C, and I are voltage, capacitance, and total particle
current to an electrode, respectively. The particle current is
the sum of the ion and electron currents. The former is given
by the Bohm flux, while the latter is found from the thermal
electron flux at the wall. For the target electrode,
IT ¼ AT ðJi þ Je Þ ¼ AT en0



1
VT  Vp
 0:605uB  ue exp e
;
kTe
4

(2)

where AT is the area of the target electrode, uB is the Bohm
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
speed (uB ¼ kTe =M), M is the ion mass, ue is the electron
qﬃﬃﬃﬃﬃﬃﬃ
e
thermal speed (ue ¼ 8kT
pm ), and m is the electron mass. The
factor 0.605 accounts for the drop off in plasma density from
the bulk plasma to the plasma-sheath interface. When
applied to the grounded electrode, the particle current reads



1
Vp
:
IG ¼ AG ðJi þ Je Þ ¼ AG en0 0:605uB  ue exp e
kTe
4
(3)
The sheath capacitance is given by
Cs ¼ e0 A

@E
;
@Vs

(4)

where the electric field at the wall is25

A. Equivalent circuit model

An equivalent circuit model (Fig. 2) was used as
described by Metze et al.23,24 The sheath was modeled as a

FIG. 1. Schematic of the system under study.

FIG. 2. Equivalent circuit of the system under study. C is capacitance and I
is current. Subscripts T and G refer to the target and grounded electrode,
respectively.
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rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1=2
2ns kTe ð
u  1Þ
ð1 þ v  ev Þ
;
v
e0

v ¼ eðVs  V1 Þ=kTe ;

for  1 < Vs ðtÞ < V1

v ¼ eðVd  V1 Þ=kTe ;

(5)

u ¼ ð1  2v Þ1=2 ;
E ¼ 0;

for V1  Vs ðtÞ  Vp :

Here, Vs ( 0) is the sheath voltage, e0 is the permittivity of
free space, ns is the electron (ion) density at the sheath edge
(ns ¼ 0:605 n0 ), and V1 is the potential at the sheath edge relative to the plasma potential. Vrf was used as input to Eq. (1) to
find the target VT and plasma Vp potentials, thus the (actual)
sheath voltage (VT  Vp). The latter was subsequently used to
find the “damped” sheath voltage to which ions respond.
In the presence of an insulating film on the target electrode, the film capacitance will be in series with the corresponding sheath capacitance. Insulating reactor walls (backed
by a grounded surface) could be represented with another
“leg” in parallel to that of the grounded electrode of Fig. 2
(see Ref. 26, p. 170). Alternatively, one may employ an
“effective” area ratio AG/AT and treat it as an adjustable parameter. It should be mentioned that, at very low frequencies
(well below the ion plasma frequency), the ion flux entering
the sheath is not constant but it is time modulated.27 This
complication was not accounted for in the present model.
B. The “damped” sheath potential

Ions, in general, do not respond to the instantaneous
sheath potential, but to a “damped” potential Vd(x, t) found
from the following equation:1,2,25
dVd ðx; tÞ
Vd ðx; tÞ  Vðx; tÞ
¼
;
dt
si

(6)

X
1
1

:
2p # of points in 0<xt<2p  dVd 
dðxtÞ

(8)

such that
jeVd ðxtÞj¼E

D. Instrumental broadening of the IED

Broadening due to the finite energy resolution of the
instrument used to measure the IED (for example, electrostatic energy analyzer) was described by an instrument
function hE0 ðEÞ,28 for which a Gaussian distribution was
assumed,
!
0
1
ðE  E Þ2
;
(9)
hE0 ðEÞ ¼ pﬃﬃﬃﬃﬃﬃ exp 
2d2
d 2p
where E0 is the peak ion energy, and d is the standard deviation of the Gaussian, which is related to the energy resolution
DE of the instrument by
DE
d ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ :
2 2 ln 2

(10)

The IED was found as the convolution of P(E) obtained
from Eq. (8) and the instrument function, i.e.,
ð1
0
0
PðE Þ  hE0 ðEÞ  dE :
(11)
f ðEÞ ¼ P  hE0 ¼
0

where V(x, t) is the (actual) sheath potential as a function of
position and time and si is the ion transit time through the
sheath. This is often approximated by the inverse of the ion
plasma frequency at the sheath edge, 1/xpi.2,3,25 This differential equation applies at any position in the sheath, including the
electrode. When applied to the target electrode this equation
becomes (omitting x and t for simplicity),
dVd
Vd  ðVT  Vp Þ
¼
:
si
dt

PðEÞ ¼

Calculation of the IED and the damped and sheath potential
waveforms, for given applied voltage waveform, typically
took about 5 seconds on a PC employing an Intel Xeon CPU
at 2.40 GHz.
III. RESULTS AND DISCUSSION
A. Spikes and staircases

(7)

Since ions respond to the damped potential, the energy distribution of ions striking the target is a direct reflection of that
potential. In Eq. (7), VT  Vp is the actual sheath voltage at
the target electrode, i.e., the difference between the target
potential VT and the plasma potential, Vp.
C. Calculation of the IED

The damped sheath voltage waveform Vd(t) found by
Eq. (7) above was then used to find the ion energy
distribution,1,22

Wendt and co-workers11 reported IEDs on an electrode
in contact with an argon plasma with n0 ¼ 2.6  1016 m3
and Te ¼ 3 eV.14 Tailored rf bias voltage waveforms (at a frequency of 500 kHz, which corresponds to si/srf < 1) were
applied to the electrode. The sheath was estimated to be thinner than the Arþ ion mean free path, minimizing ion collisions in the sheath. Fig. 3 shows a comparison of the voltage
waveforms applied to the target electrode used in the experiments in Ref. 11 (left), with the model waveforms (right)
used as input in the present calculations.
The voltage waveform used in the model was either a
sine-wave raised to the power of m, to represent a spike, or
two Fermi-Dirac distributions to represent a voltage step-up
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FIG. 3. (left) Experimental target voltage waveforms of Ref. 11. Reprinted with permission from X. V. Qin et al., Plasma Sources Sci. Technol., 19, 065014
C 2010 Institute of Physics Publishing; (right) model fit of the experimental waveforms used in the present calculations.
(2010). Copyright V

and step-down.13 The analytical expression for the applied
voltage for one cycle was


1
1
þ ½ðtt Þ=Dt
1
Vrf ðtÞ ¼ þ Va þ Vb ½ðtþt Þ=Dt
1
þ1 e 2
þ1
e
m
ð12Þ
þ Vc sin ðpf0 ðt þ t1 ÞÞ:
For the particular case of Fig. 3, the common parameter
t1 ¼ 0.5 ls,
m ¼ 100,
values
were
f0 ¼ 500 kHz,
Dt ¼ 3  108 s. For the case in Fig. 3(a), Va ¼ 100 V,
Vb ¼ 0, Vc ¼ 100 V; for the case in Figs. 3(b) and 3(c),
Va ¼ 300 V, Vb ¼ 200 V, Vc ¼ 175 V; and for the case in
Fig. 3(d), Va ¼ 300 V, Vb ¼ 0, Vc ¼ 300 V. The value of t2

was 1.75 ls and 1.3 ls for the case of Figs. 3(b) and 3(c),
respectively. The simulated voltage waveforms (Fig. 3,
right) are quite representative of the measured waveforms
except for the “ringing.” Since direct coupling was made to
the electrode in the experiments (no blocking capacitor),
Vrf ¼ VT (see Fig. 2). Also, in this case si/srf < 1, and ions
respond to the actual sheath potential, resulting in
Vd VT  Vp. With Vrf given by Eq. (12), the calculated
IEDs are compared to measurements in Fig. 4. The experimental energy resolution (bin size) of 1 eV was used in the
model. Following the original Ref. 11, DE in Eq. (10) was
set equal to 10 eV to account for plasma potential
fluctuations.

FIG. 4. Measured IEDs corresponding to the tailored bias waveforms shown in Fig. 3 (left).11 Reprinted with permission from X. V. Qin et al., Plasma Sources
C 2010 Institute of Physics Publishing; calculated IEDs for the tailored bias waveforms shown in Fig. 3 (right).
Sci. Technol., 19, 065014 (2010). Copyright V
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FIG. 5. (left) Damped (Vd), sheath (VT  Vp), and applied (Vrf) potentials for the conditions of Fig. 3(d), except that f0 ¼ 10 MHz and t1 ¼ 25 ns; (right) resulting IED on target electrode.

The predicted peak locations and heights of the IED
(Fig. 4, right) are in reasonable agreement with the measurements (Fig. 4, left). The FWHM of the experimental peaks
are larger, most likely because of the fluctuations (ringing)
of the applied voltage waveforms (Fig. 3, left). These fluctuations are not present in the waveforms used for simulations
(Fig. 3, right). The staircase-like voltage waveform generates
two peaks in the IED at energies controlled by the potential
of the stairs. The brief peak near zero potential is designed to
achieve a zero net current through the electrode. The fraction
of ions at a particular energy can be controlled by changing

the fraction of time the waveform spends at the corresponding value of potential.
The voltage waveform of Fig. 3(d) was also used to calculate the IED for an applied frequency of 10 MHz, corresponding to t1 ¼ 25 ns. DE in Eq. (10) was set equal to
10 eV. In this case, as shown in Fig. 5 (left), the damped
potential and the sheath potential have different waveforms
(ions do not follow the instantaneous sheath potential). The
IED (Fig. 5, right) resembles a bimodal distribution with relatively small energy spread. The low energy peak is smeared
by the relatively large broadening implied by DE ¼ 10 eV.

FIG. 6. (top left) Measured waveforms of substrate current density Js (top), applied voltage Vout (middle), and the resulting substrate sheath voltage Vfront (botC 2009 American Institute
tom), on a dielectric substrate.15 Reprinted with permission from P. Kudlacek et al., J. Appl. Phys., 106, 073303 (2009). Copyright V
of Physics; (bottom left) calculated damped (Vd) and sheath (VT  Vp) potentials, when the (Vrf) waveform (corresponding to Vout) is applied on the target electrode; (top, right) estimated15 energy distributions of ions bombarding the substrate (only the dashed line is relevant for this case). Reprinted with permission
C 2009 American Institute of Physics; (bottom, right) IED predicted by the present
from P. Kudlacek et al., J. Appl. Phys., 106, 073303 (2009). Copyright V
model.
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FIG. 7. (top, left) Measured waveforms of substrate current density Js (top), applied voltage Vout (middle), and the resulting substrate sheath voltage Vfront (botC 2009 American Institute
tom), on a dielectric substrate.15 Reprinted with permission from P. Kudlacek et al., J. Appl. Phys., 106, 073303 (2009). Copyright V
of Physics; (bottom, left) calculated damped (Vd) and sheath (VT  Vp) potentials, when the Vrf waveform (corresponding to Vout) is applied on the target electrode; (top, right) estimated15 energy distributions of ions bombarding the substrate (only the solid line is relevant for this case). Reprinted with permission
C 2009 American Institute of Physics; (bottom, right) IED predicted by the present
from P. Kudlacek et al., J. Appl. Phys., 106, 073303 (2009). Copyright V
model.

FIG. 8. Damped (Vd), sheath (VT  Vp), and applied (Vrf) potentials on the target electrode (left), and predicted IED (right), for a square wave with a constant
slope applied to a dielectric substrate. (top) Cb ¼ 166 pF; (bottom) Cb ¼ 1.6 nF.
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B. Square wave

Further comparisons were made with the experimental
results of Kudlacek et al.15 They were interested in the IEDs
on a substrate downstream of an expanding hydrogen thermal plasma at a position of very low plasma potential (0.2 V)
and electron temperature (0.15 eV). The plasma density over
the substrate was 2  1010 cm3 at a pressure of 18 Pa. The
authors applied rectangular voltage waveforms with a frequency of 27.7 kHz and 50% duty cycle applied to a dielectric substrate with a capacitance of 166 pF. In one particular
case, the voltage during the pulse ON phase was 100 V and
that during the OFF phase Voff was the floating potential, Vf,
equal to 2 V. This voltage was represented with Eq. (12)
using t1 ¼ 9 ls, t2 ¼ 27 ls, Dt ¼ 8.5  108 s, Va ¼ 100 V,
Vb ¼ 98 V, and Vc ¼ 0. The area ratio was 25. The measured
IEDs (the predominant ion was H3þ) are compared to those
calculated with the present model in Fig. 6. The energy resolution of the measurement and the FWHM of the instrumental broadening were estimated to be 0.5 eV and 2 eV,15
respectively. These values were used for all cases in this subsection. Since the condition si/srf < 1 is again satisfied, the
damped sheath potential Vd is almost identical to the actual
sheath potential, VT  Vp . The model is capable of matching
the energies corresponding to the maximum of the two
peaks, and also the triangular waveform of the target voltage
(Fig. 6), by using a capacitance Cb ¼ 600 pF, higher than that
of the dielectric substrate. The difference may be explained
by stray capacitance which should be in parallel with that of
the substrate, making the total actual capacitance larger.
Further comparison with the experiments in Ref. 15 was
made for the case of a dielectric-covered substrate for an
applied voltage waveform (at 33.3 kHz with 50% duty cycle)
consisting of a rectangular pulse with a slope (Fig. 7). The parameter values t1 ¼ 7.5 ls, t2 ¼ 22.5 ls, and Dt ¼ 8.5  108
were used in Eq. (12) to reproduce the applied voltage waveform. The area ratio was set at 25, and Cb ¼ 1.66 nF. The
model is again able to predict the position of the peaks of the
IED and the almost square waveform target voltage measured
experimentally (Fig. 7), albeit with a blocking capacitance
higher (1.66 nF vs. 166 pF) than that of the substrate alone.15
The effect of variation of the blocking capacitance can
be observed in Fig. 8. For Cb ¼ 166 pF, both the actual and
the damped sheath voltage have a triangular shape, and the
IED has a very small peak (note log scale in Fig. 8, bottom
right) near 50 eV and a large peak at very low energies, in
contrast with the results of Ref. 15. For Cb ¼ 1.6 nF, an
almost perfect square wave is obtained for the damped
potential.
C. Pulsed discharge with synchronous dc bias in the
afterglow

This section compares modeling results with the experimental data of Shin et al.5 They measured IEDs on a
grounded substrate in a pulsed argon inductively coupled
plasma (ICP). A 24.4 V dc bias was synchronously applied
to a “boundary electrode” in contact with the plasma during
part of the afterglow of the pulsed discharge. The pulse period was 100 ls, the duty cycle was 20% and the dc bias was

FIG. 9. (top) Comparison between the PIC/MCC simulation (solid line) and
experimental data (closed squares) of electron temperature decay in the
afterglow; calculated (middle) and measured (bottom) IED when a dc bias is
applied in the afterglow with different starting time, but the same ending
time. Only the afterglow was simulated by PIC-MCC; hence, the broad low
energy peak corresponding to the active glow was not captured.

applied in the afterglow from t ¼ 45 ls to t ¼ 95 ls, where
t ¼ 0 corresponds to the start of plasma ON phase (thus,
t ¼ 20 ls marks the start of the afterglow). The positive dc
bias on the boundary electrode raises the plasma potential by
a commensurate amount, thereby increasing the voltage of
the sheath over the grounded substrate. During the afterglow,
and in the absence of any bias, the plasma potential quickly
diminishes to very low values. At that stage, application of a
positive dc bias on the boundary electrode results in a plasma
potential equal to the dc bias. This set up is equivalent to
biasing the substrate (target) electrode with 24.4 V. A PIC-
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FIG. 10. (top) Comparison between the calculated (solid line) and measured
(closed squares) plasma potential5; calculated (solid line, middle) and measured (closed circles, bottom) IED for 14 mTorr pressure.5

MCC was performed first.21,29 Since ICP discharges are
cumbersome to simulate to steady state with PIC-MCC (high
plasma density and therefore very thin sheaths require extraordinarily long simulations times), a capacitively coupled
plasma (CCP) was simulated instead as a surrogate system.
Regardless of how a discharge is ignited, the plasma potential and the electron temperature will quickly decay in the
afterglow. Thus, after some microseconds, the afterglow of
an ICP discharge will be quite similar to that of a CCP discharge assuming their geometries and parameters such as gas
pressure and plasma density at turn-off are comparable. A
PIC-MCC simulation of a 14 mTorr, 60 MHz argon dis-

J. Appl. Phys. 111, 123306 (2012)

charge in a parallel plate geometry (plate separation 6 cm)
with 600 V applied peak RF voltage, gave a steady-state
plasma density at the sheath edge equal to 3  1016 m3,
comparable with the experimental value of 5  1016 m3.
Fig. 9 shows a comparison of PIC-MCC simulation predictions with the data. The decay of electron temperature is captured, as well as the shape, location, and relative magnitude of
the IED peaks in the afterglow. The simulation also predicts
the magnitude of the FWHM of the IEDs. The width of the
IED is affected by the physics of the problem (energy and
angular distributions of ions entering the sheath, ion-neutral
collisions in the sheath, etc.) as well as the instrument resolution. The FWHM predicted by the simulation is entirely due
to the physics of the problem. It should be noted that the experimental IEDs have an additional peak at lower energy due
to ions bombarding the substrate during the active glow and
the fraction of the afterglow when there is no applied bias.
The simulation could not capture the low energy peak since
the active glow of the experimental ICP reactor was not simulated by PIC-MCC, and ion collection was done only during
the dc bias application window in the afterglow.
The model developed in this work was also used to predict the experimental IED in the afterglow. The electron density ne and electron temperature Te were measured as a
function of time, and used as input to the model. The following parameters were used in Eq. (12) to emulate the applied
bias: t1 ¼ 95 ls, t2 ¼ 45 ls, Dt ¼ 3  107 s, Va ¼ 0, Vc ¼ 0,
and Vb ¼ 24.4 V for one cycle from t ¼ 0 to t ¼ 100 ls at the
pulsing frequency of 10 kHz. The bias was dc coupled to the
electrode (no blocking capacitor). The energy grid resolution
was 0.15 eV and the FWHM of the IED was taken as 1.9 eV,
equal to that predicted by the PIC-MCC simulation. (It was
found that the IED can be represented by a Gaussian (Eq. (9))
even when the FWHM is dominated by other than instrumental broadening.) The model reproduces the experimentally
measured rise and decay of the plasma potential as a function
of time (Fig. 10). The spike in the plasma potential at plasma
turn-on predicted by the model mirrors a corresponding spike
in the measured electron temperature. The calculated IEDs
are in good agreement with the experiments, except that the
model predicts a few minor peaks (e.g., below 5 eV) that are
not seen experimentally. The small peaks in the IED near 1
and 3 eV are due to the period when no dc bias was applied to
the electrode. Similar agreement was obtained at other pressures as well. The lack of very low energy (<5 eV) peaks in
the measured IED may be an experimental artifact.
The retarding field energy analyzer employed in the experiments incorporated a negatively biased grid above the ion energy
selector grid.5 Very low energy ions can be easily deflected and
collected by the negatively biased grid. In addition, very low
energy ions have larger angles of divergence and may be preferentially filtered out at the entrance to the analyzer facing the
plasma. Very low energy peaks in the IED were also observed
using a hybrid simulation of this experimental apparatus.30
IV. SUMMARY

A model was developed, allowing rapid calculation of
the IED on an electrode immersed in plasma, for given
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voltage waveform applied to the electrode through a blocking capacitor. The model combined an equivalent circuit representation of the system, with an equation for a “damped”
sheath potential to which ions respond. The damped sheath
potential was identical to the actual sheath potential when
srf/si  1, where srf and si are the period of the RF voltage
applied to the electrode and the ion transit time through the
sheath, respectively. The resolution of the ion energy analyzer was also taken into account, but ion-neutral collisions
in the sheath were neglected. Therefore, the model is applicable for ki/L  1, where ki is the ion mean free path and L
is the sheath thickness. The model results agree well with
results obtained by more computationally expensive methods (PIC-MCC and hybrid simulations) that can in any case
be used to estimate the broadening of the IED due to physical effects that cannot be included in the circuit model. Predicted IEDs on both conducting and insulating electrodes
for a variety of applied voltage waveforms (spike, staircase,
square wave, etc.) were in agreement with published experimental data. Using judiciously selected voltage waveforms,
one may achieve a desired IED. For example, an IED with
two isolated energy peaks and with controlled fraction of
ions under each peak may be obtained by using a staircase
voltage waveform, with controlled levels of potentials
(equal to the desired peak ion energy) and variable fraction
of time spent in each potential. In all cases, the waveform
should spike towards ground for a short time to allow sufficient electron current to neutralize the positive ion current
flowing to the electrode. On insulating electrodes, the
potential has to become more negative as a function of time
to counterbalance the inevitable charging of the electrode
surface.
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